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Deformation behavior of fully-lamellar polycrystalline γ -TiAl + α2-Ti3Al alloys has been
analyzed using a finite element method. A three-dimensional rate-dependent, finite-strain,
crystal-plasticity based materials constitutive model is used to represent the deformation
behavior of the bulk material. The constitutive behavior of γ -TiAl/γ -TiAl lamellar interfaces
and lamellae-colony boundaries, on the other hand, are modeled using a cohesive-zone
formulation. The interface/boundary potentials used in this formulation are determined
through the use of atomistic simulations of the interface/boundary decohesion. The
constitutive relations for both the γ -TiAl + α2-Ti3Al bulk material and the lamellar interfaces
and colony boundaries are implemented in the commercial finite element program
Abaqus/Standard within which the material state is integrated using an Euler-backward
implicit formulation. The results obtained show that plastic flow localizes into deformation
bands even at an overall strain level of only 0.5% and that incompatibilities in plastic flow
between the adjacent colonies can give rise to high levels of the hydrostatic stress and, in
turn, to intercolony fracture. Furthermore, it is found that when lamellar interfaces are
admitted into colonies, fracture is delayed and the materials fail in a more gradual manner.
C© 2003 Kluwer Academic Publishers

1. Introduction
Two-phase γ -TiAl + α2-Ti3Al alloys with micron-
scale lamellar microstructures generally exhibit a good
combination of high-temperature properties such as
creep resistance, microstructural stability, oxidation re-
sistance, etc. Consequently, there has been much inter-
est in developing these alloys as viable materials for
high-temperature structural applications. However, a
lack of tensile ductility and fracture toughness in these
alloys at the ambient temperature is one of the major
shortcomings which hampers their wide use. There are
several comprehensive reviews [e.g., 1–3], that sum-
marize the major advances in development of these al-
loys. It should be pointed out, however, that the main
improvements in alloy properties have been realized
largely in polysynthetically-twinned single-crystalline
form of these materials, and that it has been quite diffi-
cult to achieve similar successes in the polycrystalline
materials of this type. The latter typically fail at ten-
sile strains less than 3% and generally have a fracture
toughness level KIC below 30 MPa

√
m. While single

crystalline materials of this type possess quite attractive
properties, their use is cost prohibitive. Thus, achieving
a superior combination of properties in conventionally
processed polycrystalline γ -TiAl + α2-Ti3Al alloys re-
mains an important, though formidable, engineering
challenge.

During solidification, Ti-(48–50) at.% Al alloys,
which are considered in the present work, first form
a disordered hexagonal-close-packed (h.c.p.) α-phase
which during cooling orders into an α2-Ti3Al-type
phase with the DO19 crystal structure and then trans-
forms to (or near) completion into an ordered face-
centered-tetragonal (f.c.t.) γ -TiAl phase with the L10
crystal structure. The final microstructure typically con-
sists of colonies each containing micron-thick parallel
γ -TiAl and α2-Ti3Al lamellae with a standard f.c.c.-
h.c.p. type orientation relationship between the two
phases: {111}γ ‖ (0001)α2 and 〈1–10]γ ‖ 〈11–20〉α2. In
addition, the γ /α2 and γ /γ lamellar boundaries have
the following crystallographic orientations: {111}γ ‖
(0001)α2 and {111}γ ‖{111}γ , respectively. Under uni-
directional solidification condition, the microstructure
of Ti-(48–50) at.% Al can be obtained which consists of
a single colony of γ -TiAl + α2-Ti3Al lamellae [e.g., 4].
Such alloys are referred to as having polysynthetically-
twinned single crystalline microstructure.

The microstructure of polycrystalline γ -TiAl + α2-
Ti3Al alloys can be modified using post-solidification
heat treatments at different temperatures, holding times
and cooling rates [e.g., 5]. The resulting microstructures
are generally classified as: near-gamma, duplex, nearly
lamellar, and fully lamellar. For Ti-(48–50) at.% Al al-
loys, fully-lamellar and duplex microstructure impart
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the best combinations of mechanical properties. The
fully-lamellar microstructure consists of colonies of
γ -TiAl + α2-Ti3Al lamellae where the colony size is
controlled by the holding time at the heat-treating tem-
perature while the rate of cooling to room temper-
ature governs the thickness of lamellae. The duplex
microstructure contains in addition to the γ -TiAl and
α2-Ti3Al lamellae, small γ -TiAl phase particles typi-
cally located at the colony boundaries. In this case, the
heat-treating temperature and the holding time affects
the volume fraction of the phases, while the cooling rate
determines the lamellar thickness. In the present work,
only fully-lamellar polycrystalline γ -TiAl + α2-Ti3Al
alloys will be analyzed.

The mechanical response of γ -TiAl + α2-Ti3Al
polysynthetically twinned single-crystalline alloys is
highly anisotropic at the macroscopic, microscopic and
crystal structure length scales [e.g., 4]. At the macro-
scopic length scale, properties such as flow stress,
fracture stress, fracture strain, crack growth rate and
others exhibit strong orientation dependence. In the
γ -TiAl + α2-Ti3Al lamellar microstructure, γ -TiAl is
the softer phase and its flow properties are highly
anisotropic due to the lamellar geometry of its crys-
tals. Shear deformation parallel to the lamellar inter-
faces is considerably easier (the soft mode) than that
normal to them (the hard mode). In the latter case,
slip in the γ -TiAl phase is constrained by the harder
α2-Ti3Al phase [4]. Since the soft-to-hard mode slip
length ratio is typically on the order of 100, the Hall-
Petch effect is significant. In addition, the Hall-Petch
slopes are also anisotropic, with typical values 0.273
and 0.440 MPa/

√
m for the soft and the hard modes,

respectively [6]. Hence, at the microscopic length-
scale, materials anisotropy is caused primarily by large
differences in the soft and hard mode deformation re-
sistances within each phase and differences in the de-
formation resistances of the two phases. At the crystal-
structure length scale, materials anisotropy is derived
from differences in deformation resistance of differ-
ent slip systems within the same phase. For example,
〈a〉-slip systems associated with 〈112̄0〉 slip directions
are generally substantially softer than any of the pos-
sible (c + a)-slip systems in α2-Ti3Al. Since the latter
systems are needed to achieve a general state of strain,
the α2-Ti3Al phase can be considered as kinematically
constrained in the c-direction [e.g., 7].

The anisotropic behavior of polysynthetically-
twinned γ -TiAl + α2-Ti3Al single crystals described
above is, to some extent, retained in the polycrystalline
form of these materials. However, additional changes in
the mechanical behavior of lamellar γ -TiAl + α2-Ti3Al
polycrystals arises from variations in the microstruc-
ture such as: the shape, size, and volume fraction of the
constituent phases. For example, fully lamellar and du-
plex alloys exhibit an inverse tensile elongation/fracture
toughness relationship [5]. That is, while the flow be-
havior (yield stress, rate of strain hardening, etc.) is
quite similar in the two microstructures, fully lamellar
alloys have low ductility (∼<3%) and relatively high
fracture toughness (KIC ≈ 22–32 MPa

√
m), whereas

the duplex alloys have high ductilities (∼5–10%) and
low fracture toughness (KIC ≈ 10–12 MPa

√
m) [5].

While tensile fracture strains on the order of
30% have been found in polysynthetically-twinned
γ -TiAl + α2-Ti3Al single crystals [10], polycrystalline
forms of these materials show a drastically lower ten-
sile ductility (<3%) [7]. Such disparities in mechani-
cal behavior of single and polycrystalline alloys have
been widely reported, however the origin of this phe-
nomenon is still not well understood. Often, it is pos-
tulated to arise from the constraints to plastic flow in
a colony or grain imposed by the surrounding colonies
or grains, the phenomenon, which is present only in
polycrystalline materials.

The objective of the present work is to provide a suit-
able rationale for the aforementioned limited ductility
and fracture toughness in polycrystalline γ -TiAl + α2-
Ti3Al alloys and to help establish relationships between
the microstructure (particularly the effect of γ -TiAl/
γ -TiAl lamellar interfaces) and properties in these ma-
terials. Toward that end, a rate-dependent, finite strain,
crystal-plasticity material constitutive model is devel-
oped, implemented into the commercial finite element
package Abaqus/Standard [8] and employed to pre-
dict the global response of polycrystalline material.
The approach used provides an opportunity to study
the evolution of strain localization and to help re-
veal the contribution strain localization makes to the
global mechanical response of the material. For exam-
ple, due to the soft-vs. hard-mode flow-stress disparity,
non-uniform deformation is likely to occur in poly-
crystalline γ -TiAl + α2-Ti3Al alloys containing ran-
domly oriented lamellar colonies. In fact, plastic flow
non-uniformity leading to strain localization near grain
boundaries and three grain junctions are observed at
small plastic strains even in f.c.c. metallic materials in
which due to a large number of crystallographically
equivalent slip systems all of the identical (initial) de-
formation resistance, strain localization is more diffi-
cult to develop [9, 10]. Since γ -TiAl and α2-Ti3Al pos-
sess slip systems of different crystallographic nature
whose deformation resistances can differ substantially
so that these materials can be considered kinematically
constrained with respect to certain deformation modes,
strain localization is more likely to occur and should
occur at lower plastic strains. Strain localizations in
the regions near the colony/grain boundaries and three
colony/grain junctions are generally associated with
large local stress concentrations and since these stresses
might be precursors to material failure, understanding
their evolution during deformation, their relationships
to the local microstructure and their contribution to the
global materials response is highly important and will
be studied in the present work. A comprehensive finite
element analysis of the deformation and fracture be-
havior of the two phase γ -TiAl + α2-Ti3Al alloys was
conducted in a series of papers by Asaro and coworkers
[7, 11, 12]. However, while the analysis of Asaro and
coworkers [7, 11, 12] provided important insight into
the effect of colony to colony misorientation on the local
incompatibility of plastic flow and the resulting stress
concentration, no provision was made for the materi-
als fracture. To overcome this limitation, fracture along
γ -TiAl/γ -TiAl lamellar interfaces and colony bound-
aries is allowed in the present work through the use of
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a cohesive zone formulation. Also, a three-dimensional
crystal-plasticity materials constitutive model recently
proposed by Grujicic and Batchu [13] which incorpo-
rates kinematic constraints arising from the retention
of the crystallographic nature of γ -TiAl/α2-Ti3Al in-
terlamellar boundaries and the retention of the γ -TiAl
vs. α2-Ti3Al orientation relationship is used.

The organization of the paper is as follows: A brief
overview of the derivation of the constituent response
of lamellar interfaces and colony boundaries and the
derivation of the stiffness matrix for the corresponding
interfacial elements suitable for implementation into a
finite element analysis are provided in Section 2.1. The
crystal plasticity model for polysynthetically-twinned
γ -TiAl + α2-Ti3Al single crystals and its implemen-
tation into the commercial finite element package
Abaqus/Standard are reviewed in Section 2.2. An out-
line of the boundary value problem analyzed in the
present work through the use of finite element method
is presented in Section 2.3. The main computational re-
sults are shown and discussed in Section 3. A summary
of the key conclusions resulted from the present work
is presented in Section 4.

2. Computational procedure
2.1. γ -TiAl/γ -TiAl lamellar-interface and

colony-boundary constitutive relations
To comply with the experimental observations [e.g., 5],
fracture is allowed to occur along the γ -TiAl/γ -TiAl
lamellar interfaces and colony boundaries. Toward
this end, the mechanical constitutive response of the
γ -TiAl/γ -TiAl lamellar interfaces and the boundaries
between γ -TiAl + α2-Ti3Al lamellar colonies is mod-
eled using the cohesive zone framework originally in-
troduced by Needleman [14]. The cohesive zone is as-
sumed to have a negligible thickness when compared
to other characteristic lengths of the problem, such as
the lamellae thickness, typical lengths associated with
the gradient of the fields, etc. The mechanical behav-
ior of the cohesive zone is characterized by a traction-
displacement relation which is introduced through the
definition of an interface potential, �. Stable equilib-
rium for an interface boundary corresponds to a per-
fectly bonded configuration, where the potential has a
minimum and all tractions vanish. For any other con-
figuration, the value of the potential is taken to depend
only on the displacement jump across the interface. In
general, an interface displacement jump is expressed
in terms of its normal component, Un , and two tan-
gential components, Ut and Ub. Differentiation of the
interface potential function � with respect to Un , Ut

and Ub yields, respectively, a normal and two tangen-
tial components of the traction per unit interface area
in the deformed configuration. Thus the interface con-
stitutive relations are fully defined by specifying the
form for the interface potential function. In the present
work, the approach based on the use of Molecular
Statics method recently proposed by Grujicic and Lai
[15] is used to determine the interface potential for the
γ -TiAl/γ -TiAl lamellar interfaces and colony bound-
aries. A brief overview of this approach is given
below.

Figure 1 Schematic representation of the γ -TiAl/γ -TiAl (γ 1/γ 2)
bicrystal used for determination of the (111)γ 1/(111)γ 2 lamellar interfa-
cial potential.

To determine the potential function for a par-
ticular γ -TiAl/γ -TiAl lamellar interface or colony
boundary, a γ -TiAl/γ -TiAl atomistic bicrystal is first
constructed from two appropriately orientated single
crystals and with the appropriate orientation of the in-
terface/boundary separating the single crystals. An ex-
ample of the γ -TiAl/γ -TiAl atomistic bicrystal is given
in Fig. 1. The single crystals edge lengths are expressed
in terms of the number of interplanar spacings d(uvw)
of the corresponding (uvw) planes, where (uvw) are the
plane Miller indices. The atomic interactions are ac-
counted for through the use of the Embedded Atom
Method (EAM) interatomic potential [16]. Interatomic
potentials, which account for the atomic interactions in
a crystal, are the required input for any atomistic simu-
lation study and therefore their reliability and accuracy
are very critical for the atomistic simulations to faith-
fully represent the materials behavior. In contrast to the
traditional pair potentials, the EAM interatomic poten-
tials take into account, in an implicit way, the many-
body effects and have therefore been proven more re-
liable in representing the atomic interactions in metals
[e.g., 17]. As mentioned earlier, γ -TiAl has an L10-type
ordered crystal structure, and hence the interatomic po-
tential functions must account for the Ti-Ti, Al-Al and
Ti-Al interactions and for the fact that the two atomic
species (Ti and Al) reside on separate crystal sublat-
tices. Farkas [18] recently developed the EAM-type in-
teratomic potentials for γ -TiAl and showed that a rea-
sonable agreement can be obtained between the model
predictions and the experimentally measured proper-
ties of this phase. In addition, this potential has been
extensively tested and validated in our previous work,
Grujicic and Dang [19, 20], Grujicic and Lai [21] and
Grujicic and Zhang [22, 23], and hence is used in the
present study.

Prior to constructing a simulation bicrystal, the equi-
librium lattice parameters of γ -TiAl at 0 K are de-
termined by carrying out the Molecular-statics type
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Figure 2 Equilibrium configuration of the [1̄1̄1̄]γ 1//[111]γ 2 lamellar
interface. Atomic positions projected onto: (a) the [011̄]γ 1//[01̄1]γ 2

plane; and (b) the [1̄1̄1̄]γ 1//[111]γ 2 interface plane. Interfacial disloca-
tions are marked as D1 while the magnitude of their Burger’s vector is
denoted as b.

potential energy minimization through the use of the
Conjugate Gradient Method [24]. The following lattice
parameters are obtained for γ -TiAl: aγ = 3.944 Å and
cγ = 4.010 Å, resulting in the cγ /aγ ratio of 1.05 which
is in fair agreement with its experimental counterpart
cγ /aγ = 1.03 [25].

Before the appropriate γ -TiAl/γ−TiAl interface po-
tentials can be evaluated, the reference stress-free equi-
librium structure of the interface must be determined.
The equilibrium interface structure at 0 K is determined
in each case by minimizing the potential energy of the
corresponding bicrystals using the Conjugate Gradient
Method under the flexible periodic boundary conditions
in two mutually orthogonal directions parallel with the
plane of interface and the free surface boundary condi-
tions in the direction normal to the interface. The use of
the free surface boundary conditions allows the spacing
of the planes parallel to and near the interface to adjust
to differences in the atomic environment. An exam-
ple of the equilibrium atomistic configuration for the
γ -TiAl/γ -TiAl lamellar interface is shown in Fig. 2a
and b. Two views of the interface structure are given in
Fig. 2a and b. In Fig. 2a, atoms of the two crystals are
projected on a plane normal to the interface. In Fig. 2b,
on the other hand, the atoms are projected on the plane
of the interface. As indicated in Fig. 2a and b, the in-
terface structure is dominated by an array of parallel
screw dislocations marked D1. The characteristics of
the array D1 are given in Table I.

The interface potential functions for each of the
lamellar interfaces and colony boundaries analyzed
are determined by first rigidly displacing the two sin-

TABLE I Parameters characterizing dislocation structure in the
γ -TiAl/γ -TiAl lamellar interface shown in Fig. 2a and b

Parameter Value

Line direction
[01̄1]γ1

Burger’s vector
1/2 aγ cγ /

√
a2

γ + c2
γ [01̄1]γb

Dislocation spacing
25aγ

√(
a2

γ + 2c2
γ

)/(
a2

γ + c2
γ

)
λ

gle crystals from the equilibrium configuration of the
bicrystal such as the one shown in Fig. 2a and b, in the
normal n and tangential t and b directions by different
amounts. These three displacements are respectively
designated as: Un , Ut and Ub. The potential energy of
the perturbed bicrystals is next minimized under the
constraint that the average displacements of the atoms
in the interface planes in each of the two single crys-
tals remain equal to the rigid displacements Un, Ut and
Ub. The difference between the energies of the bicrys-
tal in the displaced configuration and in the stress-free
equilibrium configuration expressed per unit area of the
interface is then defined as the value of the interface po-
tential � at the given values of Un , Ut and Ub.

The calculation results of the interface potential �

for the γ -TiAl/γ -TiAl lamellar interface, whose equi-
librium atomic configuration is shown in Fig. 2a and b,
are shown in Fig. 3a and b. The variation of � with the
normal interface displacement Un at various values of
the tangential displacement Ut and Ub = 0 is given in
Fig. 3a. The variation of � with the tangential displace-
ment Ut at various values of the tangential displacement
Ub and the zero value of normal displacement Un is
shown in Fig. 3b. The tangential direction b is cho-
sen to coincide with the line vector ([01̄1]γ 1‖[011̄]γ 2)
of the interface dislocations while the tangential vector
t([21̄1̄]γ 1‖[21̄1̄]γ 2) is taken to be normal to it. Based on
the analysis of over 50 γ -TiAl/γ -TiAl interfaces (the
results for only one given here for brevity), the overall
behavior of the computed-interface potentials with the
variation in the three displacements can be summarized
as following:

(a) For the pure normal decohesion process where
Ut = Ub = 0, the interface potential increases monoton-
ically with the normal displacement Un and asymptot-
ically approaches a value defined as the work of deco-
hesion, �dec.

(b) At non-zero values of the tangential displace-
ments, (for example for Ut = 10 nm and Ub = 0 as in
Fig. 3a), the interface potential first decreases and then
increases with the normal displacement Un .

(c) The shear behavior of the interface is periodic with
the periodic length governed by the spacing of the inter-
facial dislocations. For example, the periodic length for
� in Fig. 3b is equal to the spacing l of the interfacial
dislocations D1 in Fig. 2a and b.

(d) The pure shear behavior is unstable in some cases
(not shown for brevity) since perturbations in the nor-
mal Un or in the orthogonal shear displacements can
give rise to a reduction in the potential.
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Figure 3 Variation of the interface potential for the (111)γ 1//(111)γ 2

lamellar interface with the normal displacement Un in the
[1̄1̄1̄]γ 1//[111]γ 2 direction and tangential displacements Ut and Ub in
the [011̄]γ 1//[01̄1]γ 2 and [21̄1̄]γ 1//[21̄1̄]γ 2 directions, respectively.

(e) In some cases (not shown for brevity) the shear
behavior is not symmetric which has been shown to be
related to the non-planar step + ledge character of the
interface [15].

Since every γ -TiAl/γ -TiAl lamellar interfaces and
colony-boundary appearing in the finite element rep-
resentation of the microstructure in polycrystalline
γ -TiAl + α2-Ti3Al materials will be analyzed using the
cohesive zone approach, it is useful to express the inter-
face/boundary potential for all of them using the same
functional form. The fact that pure shear is unstable
in some cases, rules out the use of the interface po-
tential function proposed by both Needleman [14] and
Socrate [26]. Furthermore, due to the nonsymmetrical
character of the interface shear, the universal function
for ideal shear proposed by Bozzolo et al. [27] could
also not be used. After analyzing a number of combi-
nations of the aforementioned interface potential func-
tions, the following function is found to best mimic

the overall relationship between � and Un , Ut and Ub

for all γ -TiAl/γ -TiAl lamellar interfaces and colony
boundaries analyzed:

� = σmaxδn

[
e −

(
Un

δn
+ 1

)
exp[(Un/δn)+1]

]

+ 1

2
α0

(
6Un

δn
+ 1

)
exp(6Un/δn)

×
{
α1 +

[
α2 sin

4π (Us − 2)

λs
+ cos

(
2πUs

λs
+ α3

)

+ α4

](
α5 + cos

2πUb

λb

)}
(1)

Table II gives a summary of the parameters appearing
in Equation 1 for the lamellar interfaces whose atom-
istic structure is displayed in Fig. 2a and b and for
one colony boundary (atomistic structure not shown
for brevity).

It should be noted that several parameters appearing
in Equation 1 have a particular physical meaning:

– σs max is the normal interface strength associ-
ated with the pure normal decohesion processes
(Ub = Ut = 0) and corresponds to the normal trac-
tion at the normal interfacial displacement Un = δn .

– λb and λt are the periodic lengths for pure shear
in the two shear directions b and t , respectively
and are related to the spacing of the corresponding
interfacial dislocations.

– The shear interface strengths in the two direc-
tions, τmax, b and τmax,t , correspond to two pure
shear modes of interface decohesion and oc-
cur at Ub = 0.25λb, Un = Ub = 0 and Ut = 0.25λt ,
Un = Ub = 0, respectively.

The difference between the interface potential in
the limit Un → ∞, and its equilibrium magnitude at
Un = Ub = Ut = 0, is generally termed the work of de-
cohesion and is taken to be in the range of 1–10 J/m2.

TABLE I I Decohesion potential parameters for one γ -TiAl/γ -TiAl
lamellar interface and one colony boundary

Interface type

(111)γ 1/(111)γ 2 (001)γ 1/(01̄1)γ 2

Parameter Lamellar boundary Colony boundary

n-Direction [1̄1̄1̄]γ 1/[111]γ 2 (001)γ 1/(01̄1)γ 2

t-Direction [1̄1̄1̄]γ 1/[111]γ 2 (1̄1̄0)γ 1/(1̄1̄1̄)γ 2

b-Direction [1̄1̄1̄]γ 1/[111]γ 2 (1̄1̄0)γ 1/(21̄1̄)γ 2

δn , nm 0.05 0.05
λt , nm 12.35 3.67
λb , nm 0.578 1.07
α1 −0.039 −0.145
α2 −1 0.42
α3 0 −0.31
α4 0 −3.42
α5 0 1.17
α0 0 −5.02
σmax (GPa) 2.01 1.21
τmax,t (GPa) 0.160 12.7
τmax,b (GPa) 1.65 0.73
�(Un → ∞) (J/m2) 0.561 0.374
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The results obtained such as the one given in Table II
are generally consistent with this range. The normal in-
terface strength σmax is generally assumed to be 0.01
to 0.02 times the material Young’s modulus, which
yields 1.6–3.2 GPa for the γ -TiAl phase. The normal
interface strength data given in Table II are consis-
tent with this range of values. As for the shear in-
terface strength, it is generally assumed to be a rela-
tively small fraction of σmax. An examination of the
results given in Table II, shows that this is true for
τmax,t for the (111)γ 1/(111)γ 2 lamellar boundary but
not for the (001)γ 1/(01̄1)γ 2 colony boundary. In addi-
tion, the shear resistances in the b and t directions are
quite different from each other and, as in the case of the
(001)γ 1/(01̄1)γ 2 colony boundary, the shear resistance
τmax,t can be significantly larger than σmax. This finding
is a direct consequence of the non-planar interface mor-
phology, which consists of steps and ledges aligned in
the b direction. Similarly, the presence of a single array
of dislocations in the case of γ -TiAl/γ -TiAl lamellar
interface causes the two shear resistances, τmax,t and
τmax,b to differ by more than an order of magnitude.

Once the γ -TiAl/γ -TiAl interface/boundaries poten-
tials are derived, they are used to construct (continuum)
interfacial elements, which are suitable for a finite ele-
ment analysis. A brief description of the derivation of
the stiffness matrix of continuum interfacial elements
is given in Appendix.

2.2. Materials constitutive model for
polysynthetically-twinned γ -TiAl + α2
Ti3Al single crystals

The deformation behavior of polysynthetically-
twinned γ -TiAl + α2-Ti3Al single crystals has been re-
cently modeled by Grujicic and Batchu [13] using a
rate-dependent, isothermal, elastic-viscoplastic, finite-
strain, crystal-plasticity formulation. The continuum
mechanics foundation for this model can be traced to
the work of Teodosiu [28], Hill and Rice [29], Mandel
[30], Teodosiu and Sidoroff [9], Asaro and Rice [10]
and Asaro [31]. The work of Kocks et al. [32], Frost
and Ashby [33], and Argon [34], on the other hand, pro-
vides a more materials science viewpoint of the subject
matter.

It is well established [e.g., 4] that plastic deformation
in polysynthetically-twinned γ -TiAl + α2-Ti3Al single
crystals parallel to the interlamellar γ -TiAl/α2-Ti3Al
interfaces is substantially easier (the soft mode) than
deformation normal to these interfaces (the hard mode).
Therefore, the two modes of deformation are consid-
ered separately.

In γ -TiAl lamellae, plastic deformation on planes
parallel to the (111)γ ‖(0001)α2 interfaces is controlled
both by the 〈11̄0](111) and the 〈101̄](111) slip systems.
Grujicic and Batchu [13] found that slip resistances and
strain hardening characteristics differ in these two slip
systems in γ -TiAl single crystals. In polysynthetically-
twinned γ -TiAl + α2-Ti3Al, each γ -TiAl lamella con-
sists of multiple crystallographically-equivalent do-
mains of this phase. The domains differ from each other
with respect to along which of the six 〈112̄0〉 directions
of the α2-Ti3Al phase is 〈101̄] direction of the γ -TiAl

aligned in the (111)γ ‖(0001)α2 lamellar interface. Since
the probability for formation of each domain is the
same, the effective slip properties of γ -TiAl lamella are
assumed to be essentially equal in all close-packed di-
rections in the (111) plane parallel to the lamellar inter-
face. Since there are twice as many 〈101̄] directions than
〈11̄0] directions in a (111) plane of the γ -TiAl phase,
and the probability for occurrence of each domain in
a γ -TiAl lamella is essentially the same, Grujicic and
Batchu [13] defined the effective properties for the soft-
mode deformation of the γ -TiAl lamellae as a weighted
average of those associated with 〈11̄0](111) (weighting
factor = 1/3) and 〈101̄](111) (weighting factor = 2/3)
slip systems in γ -TiAl single crystals.

For the soft-mode plastic deformation of γ -TiAl
lamellae, which involves slip in the close-packed di-
rections parallel to the interlamellar boundaries but
on planes inclined with respect to these boundaries.
Grujicic and Batchu [13] found that its deformation re-
sistance is somewhat higher than that associated with
slip on planes parallel to the lamellar interfaces.

The contribution of plastic deformation of the
α2-Ti3Al lamellae in a direction parallel to the
(111)γ ‖(0001)α2 lamellar boundaries is neglected by
Grujicic and Batchu [13] for the following reasons: (a)
The soft-mode plastic deformation is expected to be
dominated by the softer (γ -TiAl) phase; and (b) since
the volume fraction of the α2-Ti3Al lamellae is typi-
cally an order of magnitude smaller than that of the
γ -TiAl lamellae, the role of α2-Ti3Al in the soft-mode
deformation is expected to be minimal.

The situation is quite different for the hard-mode of
plastic deformation, i.e. for plastic deformation, which
includes a component normal to the (111)γ ‖(0001)α2
lamellar interfaces. In this case slip is controlled by
the phase which exerts more resistance toward this
mode of plastic deformation, the α2-Ti3Al phase. As
established experimentally [35], the only slip system
in α2-Ti3Al which gives rise to this type of plas-
tic deformation is the {112̄1}〈112̄6〉-〈c + a〉 slip sys-
tem. Hence, this slip system is expected to control the
hard-mode of plastic deformation in polysynthetically-
twinned γ -TiAl + α2-Ti3Al single crystals. However,
since the volume fraction of α2-Ti3Al is typically less
than one tenth of that of γ -TiAl, and γ -TiAl appears as
multiple lamellae, limited hard-mode plastic deforma-
tion in γ -TiAl is allowed. This possibility is incorpo-
rated implicitly by Grujicic and Batchu [13] by allowing
the {112̄1}〈112̄6〉 slip systems in α2-Ti3Al lamellae of
polysynthetically-twinned γ -TiAl + α2-Ti3Al to have a
lower deformation resistance relative to that in α2-Ti3Al
single crystals.

To summarize, the soft-mode plastic deformation
behavior of polysynthetically-twinned γ -TiAl + α2-
Ti3Al single crystals is assumed to be controlled by
the {111}〈11̄0〉 slip systems of γ -TiAl with the slip
direction parallel with the lamellar interfaces, while
the hard mode plastic deformation is taken to be con-
trolled by the {112̄1}〈112̄6〉 slip of α2-Ti3Al. A detailed
analysis of deformation and strain-hardening behavior
of polysynthetically-twinned γ -TiAl + α2-Ti3Al single
crystals is given in reference [13].
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The materials constitutive model developed by
Grujicic and Batchu [13] assumes that each material
point contains a single material which is obtained by
proper homogenization of the two phases: γ -TiAl and
α2-Ti3Al. The (initial) reference configuration in this
material is taken to consist of a perfect stress-free crys-
tal lattice and the embedded material. The position of
each material point in the reference configuration is
given by its position vector X . In the current configu-
ration, each material point is described by its position
vector, x , and hence, mapping of the reference con-
figuration into the current configuration is described
by the deformation gradient, F = ∂x/∂ X . In order to
reach the current configuration, the reference configu-
ration must be deformed both elastically and plastically
and, hence, the total deformation gradient can be mul-
tiplicatively decomposed into its elastic, Fe, and plas-
tic, F P, parts as F = Fe F p. In other words, the defor-
mation of a single-crystal material point is considered
to be the result of two independent atomic-scale pro-
cesses: (i) an elastic distortion of the crystal lattice cor-
responding to the stretching of atomic bonds and; (ii) a
plastic deformation which is associated with atomic
plane slippage which leaves the crystal lattice undis-
turbed. While twinning is a potential inelastic deforma-
tion mechanism at lower temperatures and higher strain
rates, only slip on well defined crystallographic planes
in low-index crystallographic directions is considered.

The constitutive model of Grujicic and Batchu [13]
is based on the following governing variables: (i) The
Cauchy stress, T ; (ii) The deformation gradient, F ;
(iii) Crystal slip systems, labeled by integers α. Each
slip system is specified by a unit slip-plane normal nα

0 ,
and a unit vector mα

0 aligned in the slip direction, both
defined in the reference configuration; (iv) The plastic
deformation gradient, F p, with det F p = 1 (plastic de-
formation by slip does not give rise to a volume change)
and; (v) The slip system deformation resistance sα > 0
which has the units of stress.

Based on the aforementioned multiplicative decom-
position of the deformation gradient, the elastic defor-
mation gradient Fe which describes the elastic distor-
tions and rigid-body rotations of the crystal lattice, can
be defined by:

Fe ≡ F F p−1, det Fe > 0. (2)

The plastic deformation gradient, F p, on the other
hand, accounts for the cumulative effect of shearing on
all slip systems in the crystal.

Since elastic stretches in intermetallic materials such
as γ -TiAl and α2-Ti3Al are generally small, the consti-
tutive equation for stress under isothermal conditions
can be defined by the linear relation:

T ∗ = C[Ee] (3)

where C is a fourth-order anisotropic elasticity ten-
sor, and Ee and T ∗ are respectively the Green elastic
strain measure and the second Piola-Kirchhoff stress
measure relative to the isoclinic configuration obtained
after plastic shearing of the lattice as described by F p.

Ee and T ∗ are respectively defined as:

Ee ≡ (1/2){FeT Fe − I T ∗ ≡ (det Fe)Fe−1T Fe−T

(4)

where I is the second order identity tensor.
The elasticity tensor C (expressed as a 6 × 6 square

matrix with respect to the appropriate crystal-structure
based Cartesian coordinate system), for the tetragonal
γ -TiAl phase contains six independent non-zero com-
ponents: C11 = C22, C33, C12, C13 = C23, C44 = C55,
and C66. The hexagonal α2-Ti3Al phase exhibits trans-
verse elastic isotropy and, hence, its elasticity tensor
contains six different (five independent) non-zero com-
ponents: C11 = C22, C33, C12, C13 = C23, C44 = C55,
C66 = 0.5(C11 − C12). The effective elastic constants
for the polysynthetically-twinned γ -TiAl + α2-Ti3Al
single crystals are obtained as a proper weighted
average.

The evolution equation for the plastic deformation
gradient is defined by the flow rule:

Ḟ p F p−1 =
∑

β

γ̇ α Sα
0 , Sα

0 ≡ mα
0 ⊗ nα

0 , (5)

where Sα
0 is the Schmid tensor and ⊗ denotes the ten-

sorial product of the two vectors.
The components of a unit slip plane normal nα

0 and
a unit slip direction mα

0 in the reference configurations
of the two phases are defined relative to the respective
orthonormal bases in the two phases.

The plastic shearing rate γ̇ α on a slip system α is de-
scribed using the following simple power-law relation:

γ̇ α = ˙̃γ
|τα|
|sα|

1/m

sign(τα) (6)

where ˙̃γ is a reference plastic shearing rate, τα and
sα are the resolved shear stress and the deformation
resistance on slip system α, respectively and m is the
material rate-sensitivity parameter.

Since elastic stretches in intermetallic materials is
generally small, the resolved shear stress on slip system
α can be defined as:

τα = T ∗ · Sα
0 (7)

where the raised dot denotes the scalar product between
two second order tensors.

Finally, the slip system resistance is taken to evolve
as:

ṡα =
∑

β

hαβ |γ̇ β | (8)

where hαβ describes the rate of strain hardening on
the slip system α due to the shearing on the coplanar
(self-hardening) and non-coplanar (latent-hardening)
slip systems β and is given the following simple form:

hαβ = qαβhβ (9)

where, hβ denotes the self-hardening rate while qαβ is
a matrix describing the latent hardening behavior for
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which the following simple form is adopted:

qαβ = 1
ql

{
if α and β are coplanar slip systems,
otherwise

(10)

The polysynthetically-twinned γ -TiAl + α2-Ti3Al
single crystal as modeled by Grujicic and Batchu
[13] has one γ -TiAl based set of coplanar slip sys-
tems defined as following: (111)[11̄0], (111)[101̄], and
(111)[011̄].

The self-hardening rate hβ is defined as:

hβ = hβ

0

∣∣∣∣∣1 − sβ

sβ
s

∣∣∣∣∣
τ

sign

(
1 − sβ

sβ
s

)
. (11)

where hβ

0 is the initial hardening rate and sβ
s the satura-

tion slip deformation resistance and r power exponent.
Finite element analysis of deformation and fracture

behavior of polysynthetically-twinned polycrystalline
γ -TiAl + α2-Ti3Al materials requires the integration of
the material state represented by Equations 9, 10 and 12
along the loading path. A detailed description of this
procedure and its implementation into a User Material
Subroutine (UMAT) of Abaqus/Standard is given in our
previous work [23].

2.3. Polycrystalline finite element method
To analyze the deformation and fracture behavior of
polycrystalline γ -TiAl + α2-Ti3Al materials, a finite el-

Figure 4 (a) The finite element mesh consisting of 971 quadrilateral and 364 triangular elements; (b) The polycrystalline reference configuration
consisting of 27 lamellar colonies; (c) The finite element mesh consisting of 612 quadrilateral and 36 triangular elements, and (d) The polycrystalline
reference configuration consisting of three lamellar colonies, each containing two γ -TiAl/γ -TiAl interlamellar boundaries.

ement mesh shown in Fig. 4a consisting of 971 quadri-
lateral and 364 triangular elements is used in the present
work. The mesh is partitioned into 27 equiaxed (hexag-
onal) lamellar colonies, Fig. 4b. The materials con-
stituent response of each of the colonies is described us-
ing the crystal-plasticity model of Grujicic and Batchu
[13] for polysynthetically twinned γ -TiAl + α2-Ti3Al
single crystals which was reviewed in the previous sec-
tion. No provisions are made for the presence of in-
terlamellar boundaries within the colonies. However,
colony boundaries are modeled using the cohesive zone
approach, which allows boundary decohesion. The ini-
tial orientation of colonies 14, 19 and 20 are chosen in
such a way that in each of these colonies, the lamellar
interfaces are normal to the x–y plane of the finite ele-
ment mesh, Figure 4(b), and their traces make an angle
of 0◦, 60◦ and 120◦ with the x-axis, respectively. The
initial orientation of the remaining colonies, as defined
by the appropriate set of three Euler angles, is assigned
at random. The initial (reference) configuration is as-
sumed to be stress free and not to contain any lattice
perturbations. The polycrystalline aggregates defined
in Fig. 4b is loaded in the y direction while constrain-
ing the four straight edges of the aggregates to remain
straight and parallel to their original orientation with
no strain being allowed in z direction. While the aggre-
gate does not possess any special symmetry and, hence,
is not expected to deform in the enforced orthotropic
manner, the aggregate is considered here as a “mate-
rial point” and according to the Taylor assumption, the
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deformation gradient of each material point is assumed
to be equal to the global deformation gradient.

Based on the results obtained for the polycrystalline
aggregate, the triangular region marked using dashed
lines in Fig. 4a is selected for a further, fine-scale fi-
nite element analysis. This region is divided into 612
quadrilateral and 36 triangular elements, Fig. 4c, and
partitioned into three colonies, Fig. 4d. The crystallo-
graphic orientation of the material in the three colonies
is set to be identical to that of colonies 14, 19 and 20 in
Fig. 4b. Each colony boundary is again modeled using
the cohesive zone approach. In addition, each colony
is allowed to have two γ -TiAl/γ -TiAl lamellar inter-
faces. The position of the lamellar interfaces within the
colonies is chosen at random. The loading on the three-
colony aggregate shown in Fig. 4c is applied by setting
the displacement history of the boundary nodes of this
aggregate to be identical to the deformation history of
the corresponding triangular region marked in Fig. 4b.

3. Results and discussion
3.1. Aggregate consisting of 27

γ -TiAl + α2-Ti3Al lamellar colonies
In this section, the deformation fields are shown and an-
alyzed for the 27-colony γ -TiAl + α2-Ti3Al aggregate,
Fig. 4b, loaded in plane-strain tension. Specifically, the
contour plots are shown for: (a) the equivalent plas-
tic strain; (b) the angle of the lattice rotation; (c) the
hydrostatic stress and; (d) the equivalent stress.

Figure 5 Contour plots in the 27-colony aggregate at the overall noraml strain of 1.5% in the vertical direction (the darker the shade of gray the higher
the value of the corresponding quantity): (a) the equivalent plastic strain (0.05–2.44%); (b) the lattice rotation (−1.4–1.8◦); (c) the hydrostatic stress
(−83–460 MPa) ; and (d) the equivalent stress (52–409 MPa).

The distributions of the equivalent plastic strain, the
lattice-rotation angle, the hydrostatic stress and the
equivalent stress for the 27-colony aggregate at the total
normal strain in the y-direction of 1.5% are shown in
Fig. 5a–d, respectively.

The equivalent plastic strain contour plot shown in
Fig. 5a clearly indicates a nonuniform distribution of
the equivalent plastic strain. The values of the equiva-
lent plastic strain in Fig. 5a range between 0.05% (the
lightest shade of gray) and 2.44% (the darkest shade of
gray). Furthermore, localization of the strain into defor-
mation bands inclined relative to the x-axis at an angle
of ≈±40◦, as marked by arrows in Fig. 5a, is apparent.
The same deformation bands could be first observed at
the total normal strain in the y-direction of ≈0.5% (the
contour plot not shown for brevity) and as deformation
proceeded, they become more pronounced.

In addition to the nonuniformity in the distribution
of the equivalent plastic strain on a length-scale of the
27-colony aggregate, the distribution of the equivalent
plastic strain is quite nonuniform within each colony
as well. For example, within colonies 8, 13, 14, 19,
etc., at the total normal strain in the y direction of
1.5%, Fig. 5a, the equivalent plastic strain ranges be-
tween 0.2 and 2.44%. Furthermore, some colonies con-
tain regions of high gradients of the equivalent plastic
strain. Such regions are often located either near the
colony boundaries (e.g. colony boundaries associated
with colonies 7 and 12 and colonies 10 and 15) or near
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the three-colony junctions (e.g. 7-12-13 and 10-15-16
colony junctions).

The distribution of the magnitude of the lattice ro-
tation in the 27-colony aggregate at the overall plas-
tic strain of 1.5% is shown in Fig. 5b. Counterclock-
wise lattice rotations are described as positive while the
clockwise lattice rotations are denoted as negative. The
values of the lattice rotations in Fig. 5b range between
−1.4 (the lightest shade of gray) and +1.8 degrees
(the darkest shade of gray). A careful examination of
Fig. 5b reveals that the largest rotations take place near
the colony boundaries (e.g. the boundaries between
colonies 12 and 13, colonies 9 and 10, etc.) and near the
three-colony junctions (e.g. 3-4-9, 12-13-18, 19-20-25,
etc. three-colony junctions). Furthermore, a compari-
son of the corresponding results shown in Fig. 5a and b
suggests that the largest rotations take place within the
colonies located in the deformation bands (e.g. colonies
5,13,19 and 20 in one deformation band, and colonies
9 and 22 in another deformation band). This is not sur-
prising since the lattice rotations are the natural conse-
quence of the effect of the orthogonal kinematic con-
straints imposed by the boundary conditions (e.g. the
four straight edges of the 27-colony aggregate are re-
quired to remain straight and parallel to their original
orientation) and the constraints associated with the sur-
rounding colonies on the crystallographic shear within
each colony. Hence, the regions characterized by largest
levels of the equivalent plastic strain are generally ex-
pected to experience largest magnitudes in the lattice
rotation.

The distribution of the hydrostatic stress in the
27-colony aggregate at the overall plastic strain of
1.5% is shown in Fig. 5c. The values of the hydro-
static stress shown in Fig. 5c range between −83
(the lightest shade of gray) and 460 MPa (the dark-
est shade of gray). This figure clearly shows that the
hydrostatic stress is distributed quite nonuniformly not
only among the colonies but also within each colony.
Some colonies (e.g. 7, 12 and 23, etc.) are subject to
positive (tensile) hydrostatic stresses, while the others
(e.g. 14, 19, 20, etc.) experience both positive (tensile)
and negative (compressive) hydrostatic stresses. High-
magnitude hydrostatic stresses are generally concen-
trated near the colony boundaries or near the three-
colony junctions. In particular, the three-colony junc-
tions associated with colonies 7, 12 and 13 and colonies
14, 19, and 20 are characterized by a high gradient and
a large magnitude of the positive hydrostatic stress. A
comparison of the results shown in Fig. 5c with the re-
sults shown in Fig. 5a and b suggests that the most prob-
able cause for the observed high magnitude and high
gradient of the hydrostatic stress at the 7-12-13 three-
colony junction is the incompatibility of the plastic de-
formation in the three colonies which is manifested by
a large variation in the equivalent plastic strain and in
the lattice rotations across the 7-13 and 12-13 colony
boundaries. On the other hand, since neither the equiv-
alent plastic strain nor the lattice rotations vary greatly
in the region surrounding the 14-19-20 three-colony
junction, the concentration of the hydrostatic stresses
in this case, appears to be associated with the elastic

anisotropy and pronounced misorientation of the crys-
tal lattice in the three joining colonies.

The distribution of the equivalent stress in the 27-
colony aggregate at the overall plastic strain of 1.5%
is shown in Fig. 5d. The values of the equivalent stress
shown in Fig. 5d range between 52 (the lightest shade
of gray) and 409 MPa (the darkest shade of gray). This
figure clearly shows that the distribution of the equiv-
alent stress is quite nonuniform both on a length-scale
of the 27-colony aggregate as well as on the length-
scale of a single colony. By comparing the results in
Fig. 5d with the results shown in Fig. 5a and b, no clear
correlation between the distributions of the equivalent
plastic strain and the lattice rotations on one hand and
the equivalent stress on the other can be established.
Similar comparison of the results shown in Fig. 5d with
the results shown in Fig. 5c, however, suggests that the
regions of a high concentration of the hydrostatic stress
(e.g. 7-12-13 and 14-19-20 three-colony junctions) are
generally associated with high gradients in the equiva-
lent stress. Furthermore, in many cases, several closed
equivalent-stress contours could be seen within a sin-
gle colony (e.g. colonies 8, 18, 19, etc.). The presence
of such contours is a clear indication of the kinematic
constraints imposed by the surrounding colonies on the
given colony.

The equivalent plastic-strain, the lattice rotation an-
gle, the hydrostatic stress and the equivalent stress con-
tour plots in the 27-colony aggregate at the total nor-
mal strain in the y direction of 3.0% are shown in
Fig. 6a–d, respectively. Nonuniform distribution of the
above-mentioned quantities, which was observed and
analyzed at the total normal strain in the y-direction of
1.5%, is retained and even somewhat more pronounced.
For instance, the shear bands seen in Fig. 6a are sharper
than the corresponding ones observed in Fig. 5a. The
equivalent plastic strain shown in Fig. 6a ranges be-
tween 0.06 and 5.57% in comparison to the 0.05 to
2.44% equivalent plastic strain range associated with
Fig. 5a. Similar observations can be made by compar-
ing the contour plots in Fig. 6b–d with the correspond-
ing ones displayed in Fig. 5b–d. The range of the re-
spective quantities (the angle of the lattice rotation, the
hydrostatic stress, and the equivalent stress) are given
respectively in the captions of Fig. 6b–d.

At this point it is worth noting that the observed dis-
tributions in hydrostatic and equivalent stresses, equiv-
alent plastic strains and lattice rotations at the overall
plastic strains of 1.5% and 3.0%, Figs 5a–d and 6a–d,
are quite similar to their counterparts reported by Asaro
and co-workers [7, 11]. This finding is reasonable since
at these levels of the overall plastic strain, the extent of
decohesion along colony boundaries (modeled in the
present work but not in the work of Asaro and co-
workers [7, 11]) is quite limited.

At the overall strain of 3.19%, pronounced de-
cohesion occurred along the 14-19 and 14-20
colony-boundaries causing the execution of the
Abaqus/Standard job to terminate. With the exception
of the hydrostatic stress, the equivalent plastic strain,
the lattice rotation and the equivalent stress contour
plots at the total normal strain in the y-direction of
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Figure 6 Contour plots in the 27-colony aggregate at the overall noraml strain of 3.0% in the vertical direction (the darker the shade of gray the higher
the value of the corresponding quantity): (a) the quivalent plastic strain (0.06–5.58%); (b) the lattice rotation (−3.3–4.3◦); (c) the hydrostatic stress
(94–522 MPa); and (d) the equivalent stress (19–439 MPa).

Figure 7 The hydrostatic stress contour plots in colonies 14, 19 and 20 of the 27-colony aggregate at the overall noraml strains in the vertical direction
of: (a) 3.0% and (b) 3.19%. To assist comapisonof, the contour lines in (a) and (b) are are placed at the same levels of the hydrostaic stress.

3.19% are very similar to the ones at 3% of the same
type of strain, Fig. 6a and b and d. Hence these con-
tour plots are not shown. As far as the hydrostatic
stress is concerned, it undergoes a significant change
in the range of the total normal strain in the y direc-
tion between 3.0 and 3.19 only in the vicinity of the
14-19-20 three-colony junction. Hence, in Fig. 7a–b,
contour plots for the hydrostatic stress are shown only
for the region comprising colonies 14, 19 and 20. To
assist comparison of the results shown in Fig. 7a and b,
the contour lines are placed at the same levels of the hy-
drostatic stress in the two figures. As evident from the
results shown in Fig. 7a and b, the hydrostatic stress
decreases as loading is proceeded between the total

normal strain in the y direction of 3.0% and 3.19%.
As mentioned earlier, this is caused by decohesion
which takes place along the 14-19 and 14-20 colony
boundaries. The decohesion process along the 14-19
and 14-20 colony-boundaries and its relationship with
the presence of lamellae in the three colonies is exam-
ined in more details in the next section.

3.2. Aggregate consisting of three
γ -TiAl + α2-Ti3Al lamellar colonies

In order to better understand the conditions leading to
material fracture by decohesion along colony bound-
aries and the effect of lamellar interfaces within the
colonies on the strain to fracture, a finite element
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Figure 8 Contour plots for the equivalent plastic strain, (a)–(c), and the hydrostatic stress, (d)–(f) in a region surrounding the three-colony junction
of the 3-colony aggregate without lamellar interfaces at the overall noraml strain: (a) and (d) 2.5%; (b) and (e) 3.0% and (c) and (f) 3.19%. The two
quantitis vary between 0.05% and 500 MPa (the lightest shade of gray) and 5.0% and 1300 MPa (the darkest shade of gray), respectively.

analysis of the evolution and the distributions of the
deformation fields discussed in the previous section, at
a smaller length scale, the length scale of the triangular
region surrounding the 14-19-20 three-colony junction
is carried out in this section. As discussed in Section 2.3,
external loading of this region is achieved by prescrib-
ing the displacements along its external boundaries. The
evolution of these displacements during loading is set
to be identical to that for the corresponding triangular
region in the 27-colony aggregate, Fig. 4b.

The distributions of the equivalent plastic strain and
the hydrostatic stress in the triangular 3-colony ag-
gregate without lamellar interfaces at the total normal
strain in the y-direction of 2.5, 3.0 and 3.19% are shown
in Fig. 8a–f, respectively. For improved clarity only the
innermost rectangular region surrounding the 14-19-20
three-colony junction is shown in these figures. The re-
sults shown in Fig. 8a–f can be summarized as follows:

– In accordance with the equivalent plastic strain dis-
tribution results at the length-scale of the 27-colony
aggregate, Figs 5a and 6a, the level of the equiv-

alent plastic strain in colony 19 is considerably
higher than those in colonies 14 and 20 when
viewed at the length-scale of the 3-colony aggre-
gate, Fig. 8a–c. This finding suggests that the load-
ing applied to the 3-colony aggregate is consistent
with the loading experienced by the correspond-
ing triangular region in the 27-colony aggregate,
Fig. 4b.

– While some of the equivalent plastic strain con-
tours located within colony 19, Fig. 8a–c, are gen-
erally aligned with the +40◦ deformation band,
Figs 5a and 6a, the equivalent plastic strain dis-
tribution near the three-colony junction is domi-
nated by incompatibilities in plastic deformation
of the adjoining colonies and colony-boundaries
decohesion.

– Even at an overall normal strain in the y direc-
tion of 2.5%, prominent 14-19 and 14-20 colony-
boundary decohesion is observed. However, at this
level of the overall normal strain in the y direc-
tion, decohesion is localized to a small region sur-
rounding the 14-19-20 three-colony junction. As
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Figure 9 Contour plots for the equivalent plastic strain, (a)–(c), and the hydrostatic stress, (d)–(f) in a region surrounding the three-colony junction of
the 3-colony aggregate with two lamellar interfaces per colony at the overall normal strain: (a) and (d) 2.5%; (b) and (e) 3.0% and (c) and (f) 3.19%.
The two quantities vary between 0.05% and 500 MPa (the lightest shade of gray) and 5.0% and 1300 MPa (the darkest shade of gray), respectively.

loading is continued, on the other hand, decohe-
sion extends along the two colony-boundaries. It
should be noted that in order to improve the clar-
ity of the results, displacements in Fig. 8a–f are
magnified by a factor of 50.

– The progression of decohesion is closely related to
the distribution of the hydrostatic stress, Fig. 8d–f.
That is, as loading is continued, the hydrostatic
stress increases, causing an increase in the nor-
mal displacement jump across colony boundaries.
However, once displacement jumps exceed a crit-
ical value, (which is dependent on the magnitudes
of the corresponding colony-boundary shear dis-
placement jumps) the boundary’s ability to support
the load decreases and local (decohesion-induced)
unloading takes place. Some evidence of such un-
loading can be seen by comparing the hydrostatic
stress contours in Fig. 8e and f.

– The distributions of the equivalent plastic strain
and the hydrostatic stress in the triangular 3-colony
aggregate in which each colony contains two
lamellar interfaces at the total normal strain in

the y-direction of 2.5, 3.0 and 3.19% are shown
in Fig. 9a–f, respectively. To enable a compar-
ison with the results shown in Fig. 8a–f, the
same rectangular region surrounding the 14-19-20
three-colony junction is shown in Fig. 9a–f. In
addition, same levels of the equivalent plastic
strain/hydrostatic stress are represented in the two
sets of figures using the same shades of gray. The
results shown in Fig. 9a–f can be summarized as
follows:

– As in the case of the 3-colony aggregate with-
out interlamellar boundaries, Fig. 8a–c, the equiv-
alent plastic strain is also localized near the
14-19-20 three-colony junction in the present case,
Fig. 9a–c. However, significant localization of the
equivalent plastic strain near intersections of the
colony boundaries and lamellar interfaces can also
be observed.

– At the identical levels of the overall normal strain
in the y direction, the extent of decohesion along
colony boundaries in the material containing in-
terlamellar boundaries, Fig. 9a–f, is significantly
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Figure 10 Normal stress versus normal strain in the y direction in a
3-colony aggregate without interlamellar boundaries (“No Lamellae”)
and in two 3-colony aggregates with interlamellar boundaries (“With
Lamellae #1” and “With Lamelae #2”).

lower than in the material without lamellar inter-
faces, Fig. 8a–f. However, in the former case, con-
siderable decohesion takes place also along inter-
lamellar boundaries.

– In comparison with the results shown in Fig. 8d–f,
the hydrostatic-stress contour plots for the mate-
rial with interlamellar boundaries, Fig. 9d–f, show
that hydrostatic stress is lower in magnitude and
more uniformly distributed. This finding suggests
that the presence of lamellar interfaces facilitates
accommodation of the incompatibilities in plastic
flow of the adjacent colonies. In addition, the re-
sults shown in Fig. 9d–f indicate that relatively high
hydrostatic stresses are situated not only near the
14-19-20 three-colony junction but also near the
colony-boundary/lamellar-interface intersections.

The average normal stress versus normal strain (in the
y direction) curves for the 3-colony aggregates without
and with interlamellar boundaries are shown in Fig. 10.
The curve denoted as “No Lamellae” corresponds to
the 3-colony aggregate without lamellar interfaces and
shows that in this case the material undergoes an abrupt
fracture at the overall normal strain of 3.19%. Contrary,
in the 3-colony aggregates containing lamellar inter-
faces (Curves labeled “With Lamellae #1” and “With
Lamellae #2”, fracture is somewhat delayed (fracture
strain 3.8–3.9%) and occurs in a more gradual man-
ner. The curve labeled “With Lamellae #1” corresponds
to the 3-colony aggregate for which the contour plots
are displayed in Fig. 9a–f. The curve labeled “With
Lamellae #2”, on the other hand, corresponds to an-
other 3-colony aggregate (not shown for brevity) with
a different location of lamellar interfaces. The second
3-colony aggregate with lamellar interfaces is used to
confirm that the observed effects of increased strain
to fracture and a more gradual nature of the fracture
process are primary due to the presence of lamellar in-
terfaces and not due to their fortuitous location in the
first 3-colony aggregate.

4. Conclusions
Based on the results obtained in the present study the
following main conclusions can be drawn:

– The incompatibilities in plastic flow between
the adjacent lamellar colonies in polycrystalline
γ -TiAl + α2-Ti3Al materials resulting from a pro-
nounced plastic anisotropy in these materials can
give rise to a large build-up of the tensile hydro-
static stress in regions surrounding certain three-
colony junctions and, in turn, can lead to material
fracture via colony-boundary decohesion.

– The fracture behavior of the material following the
onset of colony-boundary decohesion appears to be
greatly affected by the absence/presence of inter-
lamellar boundaries. In the absence of interlamellar
boundaries, decohesion along colony-boundaries
continues to take place quite rapidly leading to im-
minent fracture of the material. In sharp contrast,
when interlamellar boundaries are present, they
also undergo some decohesion. Consequently, in-
stead of decohesion taking place rapidly and solely
along colony boundaries, it also spreads out to ad-
jacent lamellar interfaces. As a result, fracture oc-
curs in a more gradual manner and the material
becomes more damage resistant.

– The tensile fracture strains (3–4%), predicted in the
present work are very comparable to experimen-
tal counterparts [e.g., 19] suggesting that colony-
boundary decohesion plays a critical role in frac-
ture of the materials at hand. This observation is
consistent with the scanning electron microscopy
results of Kad et al. [7], which showed that while
the fracture surface reveals a combination of the
intercolony (along colony boundaries) and trans-
colony (along interlamellar boundaries) fracture
modes, the region underneath the fracture sur-
face contains numerous colony-boundary cracks.
In other words, the fracture appears to be initiated
and, most likely controlled, by colony boundary
decohesion.

– The presence of interlamellar boundaries is found
to improve materials tensile ductility, which is fully
consistent with the experimental observations of
Grujicic and Dang [19] that lamellar γ -TiAl-base
intermetallics posses higher strain to fracture than
their single-phase (non-lamellar) counterparts.

Appendix A: Derivation of the interface
elements stiffness matrix
The γ -TiAl/γ -TiAl lamellar interface and colony
boundary potentials developed in Section 2.1 are incor-
porated into the UEL subroutine of Abaqus/Standard
to compute the stiffness matrix of the corresponding
interfacial elements. The UEL subroutine allows the
user to define the contribution of interfacial elements
to the global finite element model. In other words, for
the given nodal displacements of the interface elements
provided to UEL by Abaqus/Standard, the contribution
of the interfacial elements to the global vector of resid-
ual forces and to the global Jacobian (element stiff-
ness matrix) is determined in the UEL subroutine and

320



Figure A1 Definition of a linear, four-node interface element. Nodes 1 and 4 and nodes 2 and 3 coincide in the reference configuration. Internal nodes
A and B located at the midpoints of segments connecting corresponding nodes on the opposite sides of the interface, two integration points marked
as + and a local s-n coordinate system are also indicated.

passed to Abaqus/Standard. The implementation of the
γ -TiAl/γ -TiAl interface/boundary potentials (derived
in Section 2.1) in the UEL subroutine is discussed
below.

Since only two-dimensional analysis is carried out
in the present work, each interface element is defined
as a four-node isoparametric element on the γ -TiAl/γ -
TiAl lamellar interface/colony boundary S, as shown
schematically in Fig. A1. In the undeformed configura-
tion (not shown for brevity), nodes 1 and 4, and nodes
2 and 3 coincide, respectively. A local coordinate sys-
tem, consistent with the directions, which are tangent
(s) and normal (n) to the interface, is next assigned to
the each element. Direction s is colinear with directions
t and b used in Section 2.1 so that Ut = Uscos α and
Ub = Ussin α where Ut , Ub and Us are displacements
along the three tangential directions and α is the angle
between s and t shear directions. Next, two ‘internal
nodes’, A and B, located at the midpoints of the lines
1-2 and 3-4, connecting the corresponding interface/
boundary nodes of the two lamellae/colonies are intro-
duced. The interface displacements at the internal nodes
A and B are expressed in terms of the displacements of
the element nodes 1–4 as:

U A
n = (

U 4
y − U 1

y

)
cos θ − (

U 4
x − U 1

x

)
sin θ (A1)

U A
s = (

U 4
y − U 1

y

)
cos θ − (

U 4
x − U 1

x

)
sin θ (A2)

U B
n = (

U 3
y − U 2

y

)
cos θ − (

U 3
x − U 2

x

)
sin θ (A3)

U A
s = (

U 4
y − U 1

y

)
cos θ − (

U 4
x − U 1

x

)
sin θ (A4)

An isoparametric coordinate η is next intro-
duced along the tangent direction with η(A) = −1

and η(B) = 1 and two linear Langrangian interpola-
tion functions are defined as NA(η) = (1 − η)/2 and
NB(η) = (1 + η)/2.

The interpolation functions given above allow the
normal and the tangential components of the interface
displacements to be expressed in the form of their values
at the internal nodes A and B as:

Us(η) = NA(η)U A
s + NB(η)U B

s (A5)

Un(η) = NA(η)U A
n + NB(η)U B

n (A6)

The tangential and normal components of the forces
at nodes A and B, i.e. F A

s , F B
s , F A

n and F B
n , which

are work conjugates of the corresponding nodal dis-
placements U A

s , U B
s , U A

n and U B
n are next determined

through the application of the virtual work to the inter-
facial element as:

∫ 1

−1
δ�(η)Lπr (η) dη =

∑
I=n.s

∑
N=A.B

F N
I δU N

I (A7)

where L is the A-B element length. The perturbation
of interface potential is expressed in terms of the per-
turbations of the interface displacements at the internal
nodes A and B, U A

s , U B
s , U A

n and U B
n as:

∂� = ∂�[Us(η), Un(η)]

∂Un

[
NA(η)δU A

n + NB(η)δU B
n

]
+ ∂φ[Us(η), Un(η)]

∂Us

[
NA(η)δU A

s + NB(η)δU B
s

]
(A8)
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By substituting Equation A8 into A7 and by choosing
one of the δU N

I (N = A, B; l = s, n) perturbations at a
time to be unity and the remaining perturbations to be
zero, the corresponding F N

I component of the nodal
force can be expressed as:

F N
I =

∫ 1

−1

∂�[Us(η), Un(η)]

∂UI
NN (η)Lπr (η) dη (A9)

Using a straightforward geometrical procedure and
imposing the equilibrium condition, the corresponding
residual nodal forces Ri

x and Ri
y (i = 1–4) in the global

x-y coordinate system, are defined as:

R1
x = −R4

x = F A
s cos θ − F A

n sin θ

R1
y = −R4

y = F A
s sin θ − F A

n cos θ

R2
x = −R3

x = F B
s cos θ − F B

n sin θ

R2
y = −R3

y = F B
s sin θ − F B

n cos θ (A10)

The components of the element Jacobian are next
defined as:

∂ Ri
j

∂U k
I

=
∑
I=n·s

∑
N=A·B

∑
j=n·s

∑
M=A·B

∂ Ri
j

∂ F N
I

∂ F N
I

∂U M
J

∂U M
J

∂U k
I

(A11)

where the components of the internal Jacobian ∂ F N
I

∂U M
J(i , j = n, t ; N , M = A, B) are calculated by differenti-

ation of Equation A9. The residual nodal forces given
by Equation A10 and the element Jacobian given by
Equation A11 are computed in the UEL subroutine, and
passed to Abaqus/Standard for accurate assessment of
kinematics in its global Newton scheme.
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